We classify regular holomorphic Pfaff systems (possibly non locally decomposable) on certain Hopf manifolds. As consequence, we prove some integrability results. We also prove that any holomorphic distribution on a general (non-resonance) Hopf manifold is integrable.
Introduction
Let W = C n − {0}, n ≥ 2 and f (z 1 , z 2 , . . . , z n ) = (µ 1 z 1 , µ 2 z 2 , . . . , µ n z n ) be a diagonal contraction in C n , where 0 < |µ i | < 1 for all 1 ≤ i ≤ n. The quotient space X = W/ f is a compact complex manifold of dimension n called a diagonal Hopf manifold. When µ 1 = · · · = µ n we say that X is a classical Hopf manifold. Classical Hopf manifolds were first studied by Heinz Hopf [Ho] in 1948. Hopf showed that X is diffeomorphic to the product of odd spheres S 1 × S 2n−1 and has a complex structure which is not-Kähler. K. Kodaira [Ko] classified Hopf surfaces. The geometry of Hopf manifolds have been studied by several authors, see for instance, Dabrowski [Da] , Haefliger [Ha] , Kato [Kat] , Ise [I] , Wehler [W] etc.
A holomorphic singular Pfaff system F , of codimension k, on X is a non-trivial section ω ∈ H 0 (X, Ω k X ⊗ L), where L is a holomorphic line bundle on X. In this work we will study the geometry and classification of holomorphic Pfaff systems on Hopf manifolds.
We will consider the following types of Hopf manifolds: 1 Definition 1.1. We say that (1) X is classical if µ = µ 1 = · · · = µ n .
(2) X is no-resonance if 0 < |µ 1 | ≤ |µ 2 | ≤ . . . ≤ |µ n | < 1 and there is no non-trivial relation among the µ i 's in this way i∈A µ ri i = j∈B µ rj j , r i , r j ∈ N, A ∩ B = ∅, A ∪ B = {1, 2, . . . , n}.
(3) X is weak no-resonance if µ 1 = µ 2 = · · · = µ r , where 2 ≤ r ≤ n − 1 and there is no non-trivial relation among the µ i 's in this way i∈A µ ri i = j∈B µ rj j , r i , r j ∈ N, A ∩ B = ∅, A ∪ B = {1, r + 1, . . . , n}.
Remark 1.2. Note that a general Hopf manifold is always no-resonance. Indeed, each of the algebraic conditions i∈A µ ri i = j∈B µ rj j gives a closed algebraic subvariety of positive codimension in the space of all operators A. Therefore, the set of no-resonance Hopf manifold is obtained as a complement to a countable union of such subvarieties.
D. Mall in [Ma1] used the Kodaira's classification of Hopf surfaces to obtain a complete description of regular holomorphic foliations on Hopf surfaces. E. Ghys in [G] , studied regular holomorphic foliations on homogeneous spaces, and as a consequence obtained the classification of codimension one foliation on classical Hopf manifolds.
In [CFF] M. Corrêa, A. Fernández-Pérez, and A. M. Ferreira classified regular holomorphic foliations of dimension and codimension one on certain Hopf manifolds. As a consequence of the classification the authors proved that any regular codimension one distribution on a weak no-resonance or no-resonance Hopf manifold is integrable and admits a holomorphic first integral.
M. Ise proved in [I] that if X is a classical Hopf manifold, then a line bundle L on X is the quotient of W × C by the operation of a representation of the fundamental group of X ̺ L : π 1 (X) ≃ Z −→ GL(1, C) = C * in the following way
In [Ma2] M. Mall has generalized this fact for arbitrary Hopf manifolds. We will write L = L b for the line bundle induced by the representation ̺ L (γ) with b = ̺ L (1).
In this paper we will show the following: Theorem 1.3. Let X be a Hopf manifold and let F be a regular holomorphic Pfaff system on X of codimension k given by a nonzero twisted differential k-form ω ∈ H 0 (X, Ω k X ⊗ L b ) with coefficients in the line bundle L b . Consider the natural projection π : W → X. Then the following holds:
(i) If X is classical, then b = µ m with m ∈ N and m ≥ k. Furthermore π * ω is a homogeneous polynomial k-form of degree m − k.
(ii) If X is no-resonance, then b = µ i1 . . . µ i k for some i 1 < · · · < i k , and
The part i) of the Theorem 1.3 generalizes the result in [G] in the codimension one case and [CFF] in the one-dimensional case.
It follows from Theorem 1.3 item (ii) that any regular holomorphic Pfaff system, of codimension k, on a no-resonance Hopf manifold W/ f is induced by a k-form of the type π * ω = dz i1 ∧ · · · ∧ dz i k , i.e, it is always integrable and has a compact leaf
Thus, we obtain the following consequence.
Corollary 1.4. Any regular holomorphic Pfaff system of codimension k on a noresonance Hopf manifold is integrable and has a compact leaf.
It follows from Theorem 1.3 item (ii)-(a) that any regular holomorphic Pfaff system, of codimension k, on a weak no-resonance Hopf manifold is induced by a constant k-form. In particular, in this case if the Pfaff system is a distribution, then it is automatically integrable. Therefore, we get the following:
Corollary 1.5. Let X be a weak no-resonance Hopf manifold and let F be a regular holomorphic distribution on X, of codimension k, given by a nonzero twisted
For singular holomorphic distributions we show the following integrability result.
Theorem 1.6. Let F be a holomorphic (possibly singular) distribution on a noresonance Hopf manifold X. Then F is integrable.
Pfaff systems, Distributions and Holomorphic foliations
Let X be an n-dimensional complex manifold.
where L is a holomorphic line bundle on X. The singular set of ω is defined by
We suppose that cod(Sing(ω)) ≥ 2. We say that ω is regular (or non-singular ) if Sing(ω) = ∅.
Remark 2.2. Sometimes a Pfaff system is defined as a saturated rank 1 subsheaf in Ω k X . This definition is not equivalent to the one given above because of ambiguity the choice of the line bundle L. However, for most practical purposes there notions are the same. Given a Pfaff system F on X induced by ω ∈ H 0 (X, Ω k X ⊗L), then ω is determined by the following:
For more details about Pfaff systems see [AC, CCJ, EK, CJV, CMS] .
A distribution on X of codimension k is a nonzero coherent subsheaf G ⊂ Ω 1 X of rank k such that G is saturated in Ω 1 X (i.e., Ω 1 X /G is torsion free). The k-th wedge product of the inclusion G ⊂ Ω 1 X gives rise to a twisted holomorphic differential k-form with coefficients in the line bundle det (G) . That is, a distribution of codimension k induces a Pfaff system
of codimension k which is locally decomposable outside its singular set. That is, for each point p ∈ X \ Sing(ω) there exists a neighbourhood U and holomorphics
The rank of T F is (n − k) and by integrability condition we have that
There is the following exact sequence of sheaves
where N F is a torsion free sheaf of rank k. Conversely, given a nonzero coherent subsheaf T F ⊂ T X of rank k such that T X/T F = N F is torsion free defines a distribution (N F ) * ⊂ Ω 1 X . We remark that by construction the tangent bundle of a Hopf manifold X is given by
where L µi is the tangent bundle of the foliation induced by the canonical vector field ∂ ∂zi .
Cohomology of line bundles on Hopf manifolds
Let W = C n − {0}, n ≥ 2 and f (z 1 , z 2 , ..., z n ) = (µ 1 z 1 , µ 2 z 2 , ..., µ n z n ) be a diagonal contraction in C n , where 0 < |µ i | < 1 for all 1 ≤ i ≤ n. Consider the associated Hopf manifold X = W/ f .
Let Ω p X be the sheaf of germs of holomorphic p-forms on a Hopf manifold X.
is a line bundle determined by a characted b as in (1), and by π : W → X the natural projection on X.
We will adopt the notation in [Ma2] . Consider an open covering A = {U i } of X such that U i are open and contractible Stein subsets of X andŨ i :
. We have an exact sequence of Cěch complexes
From (2) we derive the long exact sequence of cohomology
Mall proved in [Ma2] the following result:
Theorem 3.1 (Mall [Ma2] ). If X is a Hopf manifold, of dimension n ≥ 3, and L b is a line bundle on X, then dim H 0 (X, Ω p X (L b )) = dim Ker(p 0 ). In order to prove Theorem 1.3 we first prove the following lemma.
Lemma 3.2. Let X be a classical, no-resonance or weak no-resonance Hopf manifold of dimension n ≥ 3, and let L b be a line bundle on X, with b ∈ C * . The following holds:
. . µ mn n with m j ∈ N for all j = 1, . . . , n, m 1 + m 2 + · · · + m r = t, and there exist i 1 , . . . , i k−t ≥ r + 1 such that m i1 ≥ 1, . . . , m i k−t ≥ 1.
Proof. From Theorem 3.1 we have that dim H 0 (X, Ω k X ⊗ L b ) = dim(ker p 0 ), where the map
It follows from Hartog's extension theorem that each g i1...i k can be represented by its Taylor series
. . z αn n , for all i = 1, . . . , n.
In the classical case, µ 1 = · · · = µ n = µ and thus dim(ker(p 0 )) > 0 if, and only if, b = µ m , for some m ∈ N, m ≥ k.
In the no-resonance case, since µ ′ i s have no relations, it follows from (3) that dim(ker(p 0 )) > 0 if, and only if, b = µ m1 1 µ m2 2 . . . µ mn n where m j ∈ N, and there exist j 1 , . . . , j k ∈ {1, . . . , n}, such that m j1 , . . . , m j k ≥ 1.
Finally, for the weak no-resonance case, we have µ 1 = · · · = µ r = µ. Since µ, µ r+1 , . . . , µ n have no relations, we have dim(ker(p 0 )) > 0 if, and only if, b = µ m µ mr+1 r+1 . . . µ mn n such that m j ∈ N for all j = 1, . . . , n, m 1 + m 2 + · · · + m r = t, and there exist i 1 , . . . , i k−t ≥ r + 1 such that m i1 ≥ 1, . . . , m i k−t ≥ 1.
Proof of Theorem 1.3.
Proof. Consider the natural projection π : W → X. By construction, we have that a holomorphic section ω ∈ H 0 (X, Ω k X ⊗ L b ) corresponds to a section
. . , z n ), for all i 1 < · · · < i k . By Hartog's extension theorem, π * ω can be represented on C n by its Taylor series
Classical case. In this case µ 1 = · · · = µ n = µ. Lemma 3.2 item (i) implies that b = µ m for some m ≥ k. Therefore
Hence, if c i1...i k α = 0 then |α| = m − k. It follows that each g i1...i k is a homogeneous polynomial of degree m − k.
No-resonance case. If X is no-resonance, then by Lemma 3.2 item (ii) we have b = µ m1 1 µ m2 2 . . . µ mn n where m i ∈ N and there exist j 1 , . . . , j k ∈ {1, . . . , n}, such that m j1 , . . . , m j k ≥ 1. So from (4) we get
where α = (α 1 , α 2 , . . . , α n ) ∈ N n . Hence for each i 1 < · · · < i k we have
Since ω is nonsingular, we get that m i1 = . . . m i k = 1 for some i 1 < · · · < i k and m i = 0 for all i ∈ {1, . . . , n} \ {i 1 . . . i k }.
So we have that b = µ i1 . . . µ i k , g i1...i k is a constant and g j1...j k = 0 for all j 1 < · · · < j k = i 1 < · · · < i k . That is, the k-form π * ω is of type
Weak no-resonance case. In this case µ 1 = · · · = µ r , then by Lemma 3.2 item (iii) we have b = µ m µ mr+1 r+1 . . . µ mn n . Then from (4) we get
If i 1 , . . . , i s ≤ r and i s+1 , . . . , i k ≥ r + 1 we have . .., α r ) and |α| = α 1 + · · · + α r .
For the sake of brevity we will consider the following case (the other ones are similar) : m = k − λ, 1 ≤ λ ≤ k − 2, and r = n − t, 2 < t ≤ n − 2.
Since |α| = m − s = k − λ − s then |α| ≥ 0 ⇔ s ≤ k − λ. Hence g i1...i k = 0 if i 1 , . . . , i s ≤ r and s > k − λ. It is clear that if λ > t there is no Pfaff systems.
Suppose that λ = t − a, where a ∈ N, 1 ≤ a ≤ t − 1. In this case, for each 0 ≤ γ ≤ min{a, m}, if i 1 , . . . i k−λ−γ ≤ r and i k−λ−γ+1 , . . . , i k > r, then
.., α r ) and |α| = α 1 + · · · + α r , and g i1...i k = 0 in all other cases. a) λ ≤ t − 2. Since ω is nonsingular then there are j 1 , . . . , j λ > r such that m j1 = · · · = m j λ = 1, m i = 0 if i > r, i = j l ∀ l = 1, . . . , λ, g i1...i k−λ j1...j λ = constant for i 1 , . . . i k−λ ≤ r and g i1...i k = 0 in all other cases. Thus, we conclude that a k−form of the type
with c i1...i k−λ j1...j λ constant. b) λ = t − 1, then a = 1 and min{a, m} = 1.
For i 1 , . . . i k−λ ≤ r and i k−λ+1 , . . . , i k > r we have
For i 1 , . . . i k−λ−1 ≤ r and i k−λ , . . . , i k > r we have
. . . z mn−1 n with |α| = 1, where α = (α 1 , ..., α r ) and |α| = α 1 + · · · + α r . b.1) m r+1 = · · · = m n = 1. In this case, for i 1 , . . . i k−λ ≤ r and {i k−λ+1 , . . . , i k } = {r + 1, . . . , n} \ {l} we have
with |α| = 1, where α = (α 1 , ..., α r ) and |α| = α 1 + · · · + α r . Thus the Pfaff system is linear. b.2) m h = 0 for some h ≥ r + 1, and m j = 1 ∀j ≥ r + 1, j = h. In this case for i 1 , . . . i k−λ ≤ r, {i k−λ+1 , . . . , i k } = {r + 1, . . . , n} \ {h} we have g i1...i k = constant, and g i1...i k = 0 in all other cases. Thus the Pfaff system is induced by a k−form of the type
where c i1...i k is a constant, i 1 , . . . i k−λ ≤ r and {i k−λ+1 , . . . , i k } = {r + 1, . . . , n} \ {h}.
Summarizing, we have that b = µ m µ i1 . . . µ i h for some h ∈ N , 0 ≤ h ≤ k, and m + h = k or m + h = k + 1. Moreover, If m + h = k, then π * ω is a constant k-form and if m + h = k + 1, then π * ω is a linear holomorphic k-form.
Proof of Theorem 1.6
Let X be a no-resonance Hopf manifold of dimension n.
Definition 4.1. Let F be a distribution on a Hopf manifold X = C n − {0}/ f with tangent sheaf T F ⊂ T X, and G ⊂ GL(n, C) a subgroup. We say that F is G-invariant distribution if the pullback of T F to C n is invariant with respect to the natural G-action on C n . Proposition 4.2. Let G = (C * ) n ⊂ GL(n, C) be the diagonal subgroup, and F ⊂ T C n a G-invariant distribution. Then F is integrable.
Proof. Since the Frobenius form, representing the obstruction to integrability, is continuous, it would suffice to prove 4.2 is general point of C n . Therefore, it would suffice to prove it on an open orbit of G, which is identified with G. A left-invariant distribution B ⊂ T G is integrable. Indeed, B is generated by left-invariant vector fields, which commute, because G is commutative.
The integrability of the distribution will follow from Proposition 4.2 and the following theorem.
Theorem 4.3. Let F be a holomorphic distribution on a no-resonance Hopf manifold X = C n − {0}/ f . Denote by G the group (C * ) n of diagonal matrices commuting with f . Then F is G-invariant.
Proof.
Step 1: Let G f be the Zariski closure of the group f ∼ = Z. This is an algebraic group, which is obtained as the smallest algebraic group containing f . This implies that G f ⊂ G. However, any algebraic subgroup of G is given by a set of equations of form i z ni i = 1, hence none of them contains f . We have shown that G f = G.
Step 2: Distributions on a manifold X can be interpreted as subvarieties in the total space T X of a tangent bundle, which are closed under the natural algebraic operations (addition and multiplication by a number).
Let J ⊂ O T X be the ideal corresponding to F . Denote byJ ⊂ O C 2n the ideal j * π * (J), where π : C n − {0} → X is the quotient map and j : C n − {0} → C n the standard embedding. ThenJ is a f -invariant ideal sheaf in O C 2n .
To finish the proof it remains to show that any f -invariant ideal in O T M is invariant with respect to the algebraic closure of f . This is implied by the following lemma, which finishes the proof. Proof. Let us call a holomorphic function on C n f -finite if it is contained in finitedimensional, f -invariant subspace in H 0 (C 2n , O C 2n ). As follows from [OV2, Theorem 4 .2], f -finite functions are dense in the space of all holomorphic functions on C n .
The same argument also proves that the f -finite sections of I are dense in the space of all sections of I. However, by definition of Zariski closure, any finitedimensional f -invariant subspace is also G-invariant, hence I is also G-invariant. 
